PERISTALTIC FLOW OF A NON-NEWTONIAN LIQUID WITH
A POWER-TYPE RHEOLOGICAL LAW IN A SLOT CHANNEL

V. I, Vishnyakov and K, B. Pavlov UDC 532.54:532,.135

The peristaltic motion of a non-Newtonian liquid with a power-type rheological law in a slot
channel with elastic, deformable walls is considered. Using the asymptotic method of
"narrow bands", the velocitydistributions in the channel are derived in terms of certain
defining parameters.

An analysis of the flow of liquids through channels with elastic, deformable walls is of particular in-
terest when studying the operating conditions of peristaltic pumps, which are widely employed in the pum-
ping of physiological and structural media [1, 2]. In contrast to ordinary kinds of pumps (centrifugal,
pinion, etc.), peristaltic pumps never lead to the separation or disruption of the structure of the liquids
being pumped.

In general the peristaltic flow of the medium is caused by the combined action of the deforming
channel walls and the pressure gradient applied along the axis. The elastic walls of the working part of
the peristaltic pump channel are directly deformed by external action.

In this paper we shall consider the flow of a non-Newtonian liquid with a power-type rheological law
[31in a slot channel, the elastic walls of which are deformed in accordance with the equations of a traveling
wave y = +F(x, t) having a wavelength much greater than the mean diameter of the channel (Fig. 1). It is
obvious that there is a certain reference system, moving in the direction of the channel axis (x) at a velocity
W relative to the walls, in which the shape of the upper deformed wall is given (independently of time) by
the equation y = F (x); this reference system will in fufure be called the "moving" system in contrast to the
"stationary" system in which the channel walls have no axial displacements. If the flow of liquid in the
moving reference system is also independent of time, the corresponding peristaltic motion will be a steady-
state process; it is the case with which we shall now be concerned.

The equation of steady-state motion of a non-Newtonian liquid with a power -type rheological law may
be written in the form 7
p (@)Y = —yp + VS, , M
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Fig. 1. Picture of the flow of liquid in a channel with
elastic deformable walls.
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Fig. Distribution of the x pi'ojection of the velocity in various cross
sections of the channel (a) and the y projection of the velocity in the
sections x = /4 and x = 3/4 A (b) for the values n = 0.6 (broken lines),
1.0 (continuous lines), and 1.4 (dotfed and dashedlines) and various
values of w (the origin x = 0 is placed under the crest of the wave;

the calculations are carried out for the values Re, 100; A = 0,2; A=10)

here yS= 0sj; /9%y5 8;: = 2k [21‘%-]1‘_1/2 fi;» sy is the deviator of the stress tensor; f;. is the deformation

(strain) velocity tensor; k, n are the rheological constants of the medium, and the rést of the nomenclature
is obvious [3].

Taking H (the mean half width of the channel) and @ (half the mean rate of flow), as characteristic
quantities we may characterize the motion of the liquid by a generalized Reynolds number Re,, =pk~'Q? 220 ~1)
and the dimensionless velocity w = WH/Q. In the moving reference system the equations of motion
(1) written in dimensionless form relative to the stream function y (v; = —8yp/6x; v, = 8p/0y are respective-
1y the y and x projections of the velocity) take the following form:
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Fig. 3. Change in the pressure drop along the axis between
the cross sections: I) x =0and x =; II) x =A/2 and x = 3/2
for the valuesa) w=0; A =10; b) w=4.0; » = 10, Broken
curves n = 0.6; confinuouscurves n= 1. 0; dotted and dashed
curves n = 1.4. ‘

Here w_=_..]/4(;:3’y)2+( a;f Lﬁ g:zl’ )2 .

If we eliminate the pressure p from Egs. (2) and (3) we have
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In the moving reference system, at the upper wall of the channel y = F (x) the stream function ) should
satisfy the conditions
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where q = 1—w is the dimensjonless relative rate of flow of the liquid. The conditions imposed upon the
stream function y in the center of the channel y = 0 are written in‘the form

X : ay

M _,

P =0;. o . (6)

The solution to the problem (4)-(6) may be derived on the basis of the asymptotic method of "narrow
bands® {4, 5], Following the general scheme of this method we make the formal substitution x —X/¢, where
¢ is a small parameter characteristic of the "narrowness" of the band (for example, the ratio of the mean
half width of the channel to the wavelength of the deformations at the walls of the channel H/A); all the fore-

going equations and boundary conditions then contain the small parameter ¢, so that we may now seek the
solution to Eq. (4) in the form of an asymptotic expansion in &:

o0

P = 2 ep;. 7
. =0
In order to determine the zero approximation y, we have:
2 2, n—I1
0 [ 0%, | O, ) -0, ®)
dy* \ 0y* | oy
which is to be solved with the boundary conditions (5) and (6); in the zero approximation these respectively
take the form : ’
ayp ap
Yolyry = & 0 = wF,; 0
H=re 0% lymrin dy y=F{x)
— —0 S| _
=—w; ‘My:g ={; 3 i,,:o =0, (9)
The function
o n-i-1
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2n-+l (10)
nF "
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is the solution of Eq. (8) satisfying the conditions (9). We see from the solution (10) that in those cross
sections of the channel x for which w> [I-F®)]™! > 0,the liquid flows in the negative direction of the axis
("counterflow"). We note that the existence of zones of reverse flow for viscous Newtonian liquids was
discussed earlier in [6, 7], although hoquantitative criteria were derived for the appearance of these zones.

In order to determine the first approximation we have

nn—1) 0 { o, "*3[ I (aiwo ) o,
Re, dy Ul 0t | ln—1\ a2 ay?
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whence

P =9,C; + 9,0+ Coyy + Cy - Q. (12)
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We have thus constructed an asymptotic solution for the stream function 3 in the moving reference
system, to an accuracy limited by terms of the order O (s?). Applying this solution to the Minsk—2 com-~
puter we calculated the velocity profiles and pressure drops along the axis of the channel for the particular
case in which the deformation of the elastic walls of the channel in the "stationary® reference system was
described by the law of a monochromatic wave

y=F(x H)=1+ Asin2n L%_%) 0<A<1), (13)

where A, T, x = A/H are respectively the amplitude, period, and dimensionless wavelength,

Figure 2a and b illustrates the distribution of the x and y velocity projections in relation to the defining
parameters of the problem, the case w = 0 corresponding to flow in a corrugated channel.

The pressure distribution inside the channel may be determined if the asymptotic expression constructed
for the function j is substituted into Eqs. (2) and (3).

Figure 3, I illustrates the pressure drop along the axis of the channel between the sections x = 0 and
x = (Fig. 2a) in relation to the ratio A/x. Whereas for a pressure drop Ap = 0 the motion of the liquid
takes place solely on account of the deformation of the elastic walls of the channel, for Ap = 0 the motion
takes place by virtue of the action of the pressure gradient as well as the deformation of the walls; for
Ap > 0 these effects oppose one another.

Figure 3,I1 illustratesthe pressure drop along the axis of the channel between the sections x = /2,
x =3/2 ) (Fig. 2b).

NOTATION

E
g

are the Cartesian coordinates;
is the phase velocity of the wave along the channel walls;
is the function describing the shape of the deformed wall;
is the density of the medium;
is the velocity vector;
is the pressure;
is the deviator of the stress tensor;
is the deformation rate tensor;
are the rheological constants;
is the generalized Reynolds number;
is half the mean flow rate;
is the half width of channel;
is the stream function;
is the dimensionless relative flow rate;
is the dimensionless phase velocity;
is the small parameter;
is the wavelength of the deformations at the walls;
is the dimensionless wavelength;
1» C9, C3, Q1, 3, 93,... are unknown functions;
-is the amplitude of the wave;
is the period of the wave.

< = gK

B oo
Sl
e

i

o g MmO

= Q>

170



LITERATURE CITED

S. L. Weinberg, E, C. Eckstein, and A, H, Shapiro, J. Fluid Mech., 49, No. 3, 461 (1971).

J. L. Neuringer, E. Migotsky, J. H. Turner, and R. M. Haag, J. Ship. Res., 8, No. 4, 56 (1965).
M. Rayner, Rheology [Russian translation], Nauka, Mescow (1965).

Yu, P. Ivanilov, N. N, Moiseev, and A. M. Ter-Krikorov, Dokl. Akad. Nauk SSSR, 123, No.2, 231
(1953). .

N. N. Moiseev, in:Certain Problems of Mathematics and Mechanics [in Russian], Izd. SO AN SSSR,
(1961).

d. C. Burns and T, J. Parkes, J. Fluid Mech., 29, No. 4, 731 (1967).

A. N, Shapiro, M. Y. Jaffrin, and S. L. Weinberg, Jd. Fluid Mech., 37, No. 4, 799 (1969).

171



